Following the conjectured duality between near-horizon NS5-branes and little string theory, the string-corrected thermodynamics of near-horizon NS5-branes is studied and found to agree with the statistical thermodynamics of a 5+1 dimensional supersymmetric string theory near the Hagedorn temperature. Specifically, tree-level corrections to the temperature are argued to vanish, in accordance with the duality, while the one-loop string correction to the NS5-brane thermodynamics is shown to generate the correct temperature dependence of the entropy. * Work supported in part by TMR network ERBFMRXCT96-0045.
Introduction
The near-horizon limit of NS5-branes is conjectured to be dual to Little String Theory (LST) with 16 supercharges [1] . LST is a 5+1 dimensional non-gravitational and non-local theory of strings [2] ‡1 . As for any string theory, the statistical mechanics description of LST breaks down at a certain temperature, known as the Hagedorn temperature. This raises the question whether it is possible to observe, via the conjectured near-horizon-NS5/LST duality, Hagedorn behaviour of LST from the thermodynamics of near-horizon NS5-branes. Previous work on the subject [6, 7] has revealed that the leading order thermodynamics of non-extremal near-horizon NS5branes indeed corresponds to the leading order Hagedorn behaviour, since one finds the relation E = T S where T is constant. Thus, the seemingly peculiar behaviour of the thermodynamics of near-horizon NS5-branes is exactly the behaviour needed in order for the near-horizon-NS5/LST duality to work.
In this letter we go a step further by including string corrections in the thermodynamics of near-horizon NS5-branes. The string-corrected thermodynamics for near-horizon NS5-branes is particularly interesting since the leading order thermodynamics has a constant temperature, so that the thermodynamical phase space is completely degenerate ‡2 . Corrections to the temperature, however, expand the phase space and make small deviations from the (constant) leading order temperature possible. Studying the string-corrected thermodynamics therefore allows the determination of the temperature dependence of the leading order entropy and energy. In this sense, the string corrections to the temperature that we find are not subleading since they are part of the leading order thermodynamic quantities when expressed in terms of the temperature.
The thermodynamics obtained is compared to the statistical thermodynamics of a 5+1 dimensional supersymmetric closed string theory (reviewed in the appendix) and agreement is found. In particular, we reproduce the entropy
where k is a constant determined by the one-loop corrected near-horizon NS5-brane background. Equivalently, the entropy (1) can be written in the form
This is therefore an example of agreement between statistical thermodynamics of a non-gravitational theory on the one hand and Bekenstein-Hawking thermodynamics ‡1 See also Refs. [3, 4] and [5] for a brief review of LST. ‡2 In [8] it has been shown that the thermodynamics of near-horizon spinning 5-branes in type II string theory has a degenerate phase space as well, e.g. T 2 +Ω 2 = const. for one angular momentum. The near-horizon limit of Reissner-Nordström black holes also leads to degenerate thermodynamics, though in a different way [9] . of a black brane on the other hand. We note that we can compute the thermodynamics from both sides since we are in a regime in which both LST and the bulk string theory description are weakly coupled. Our successful comparison lends further confidence to the conjecture that the various dualities between string and M-theory on near-horizon brane backgrounds and certain non-gravitational theories hold beyond the leading order supergravity solution.
The non-trivial agreement we find between string-corrected macroscopic Bekenstein-Hawking thermodynamics and thermodynamics derived from microscopic degrees of freedom extends the microscopic derivations of black hole entropies, initiated in [10] . Our comparison, however, is different from [10] , since no extrapolation from weak to strong coupling needs to be made.
One-loop corrected thermodynamics of NS5-branes
Six-dimensional LSTs with 16 supercharges can be defined from N coincident NS5branes in the limit [2] g s → 0 , l s = fixed ,
with g s and l s being respectively the string coupling and string length of type II string theory. In the limit (3) the bulk modes decouple and give rise to non-gravitational theories: The (1, 1) LST for type IIB NS5-branes and the (2, 0) LST for type IIA NS5-branes, both of type A N −1 ‡3 . Moreover, it is believed that string theory in the background of N NS5-branes is dual to LST [1] , in parallel with the AdS/CFT correspondence [12] . To this end, consider the supergravity solution of N coincident NS5-branes in type II string theory with r the transverse radius and r 0 the horizon radius. Then, if we take the decoupling limit (3) keeping fixed the energy scales
one obtains the Einstein-frame metric
and the dilaton
This supergravity solution is conjectured to be dual to a LST [1] . The variable u defined by (4) is kept finite since in type IIB it corresponds to the mass of an ‡3 It is also possible to have LSTs of type D and E [11, 1] .
open D-string stretching between two NS5-branes with distance r. In type IIA, u/l s is instead the induced string tension of an open D2-brane stretching between two NS5-branes.
The curvature e −φ/2 R in units of l s is of order
while the effective string coupling squared at the horizon radius is of order
In order for the near-horizon NS5-brane solution (5), (6) to be a dual description of LST we need that ε D ≪ 1 and ε L ≪ 1 which is fulfilled for [7, 1] 
so that near-horizon NS5-branes describe LST in the UV-region. The thermodynamics ‡4 of the near-horizon NS5-brane solution is [7]
As previously stated [6, 7] , this thermodynamics can be seen as the zeroth order approximation to the thermodynamics of a string theory at high temperature. By identifying the Hagedorn temperature as
the entropy takes the form
which is the leading order part of (A.8). From the formula (A.2) we see that for a 5+1 dimensional supersymmetric string theory the Hagedorn temperature is
wherel s is the string length of the theory. Comparing with (11) , it follows that
is the string length associated with the Hagedorn exponential growth of string states in LST of type A N −1 . ‡4 The thermodynamics of spinning near-horizon NS5-branes is found in [13, 8] .
If we write τ = (2πl 2 s ) −1 as the ordinary string tension andτ = (2πl 2 s ) −1 as the string tension associated with the Hagedorn behaviour, we havê
This shows that the string tension associated with the Hagedorn behaviour is quantized in a unit that is a fraction of the ordinary string tension. This is in fact a well known phenomena. If we consider LST as the decoupling limit (3) of type II string theory on an A N −1 singularity [14] , it is known from the study of string theory on this orbifold singularity [15] that there exists so-called fractional branes which have tensions 1/N relative to the same type of brane in ten dimensions ‡5 . Thus, the string tension (15) is the tension of a fractional fundamental string in LST. The fractional branes are in a sense more fundamental since one can construct branes with tension being multiples of the fractional brane tension by stacking them on top of each other. Fractional strings can also be seen [16] by studying the D1-D5 bound state which provides an alternative description of strings in six dimensions.
In summary, there are two energy scales associated with strings appearing in LST of type A N −1 , the ordinary string scale M s = l −1 s and the fractional string scalê
Clearly, the Hagedorn temperature picks theM s string scale since this is the first one reached when raising the temperature [1] . Thus the Hagedorn temperature of a string theory exhibits in this way the smallest quantized unit of string charge.
We note that the Hagedorn exponential growth of states in LST can also be described by strings with string length l s , but in that case the sigma-model will have central charge c = 6N, as can be seen by comparing (11) with (A.2) [6] .
We now want to include string corrections in the thermodynamics ‡6 . String theory has two expansions, the derivative expansion and the string loop expansion. It follows from (7) that the derivative expansion, which is an expansion in α ′ = l 2 s , becomes an expansion in ε D for the near-horizon NS5-brane solution. The string loop expansion becomes instead an expansion in ε L given in (8) . By including these corrections we are thus testing the conjecture of the near-horizon-NS5/LST correspondence beyond the leading order supergravity solution.
In type II string theory the first corrections in the derivative expansion appear at order ε 3 D , generated by the well-known R 4 coupling [18] and its supersymmetric completion. Organizing these terms in the string loop expansion, there is a tree-level term at order ε 3 D and a one-loop term at order ε 3 D ε L . In type IIB there are also non-perturbative contributions [19] , but we will not consider these here since they are subleading. ‡5 We note that T-duality of LST with 16 supercharges together with S-duality of (2, 0) LST [2, 4] connects all the fractional little branes. ‡6 We refer to [17] for computational details and a general analysis of string corrections to nearhorizon brane thermodynamics.
The tree-level expansion of the temperature is
This seems to indicate that the Hagedorn temperature is given by (11) only when N is large whereas for finite N it has a different N-dependence. Nevertheless, we expect that there are no tree-level corrections to the Hagedorn temperature so that a i = 0 for all i. This is easily seen to be necessary from the requirement that (16) be equal to (A.2), since from (16) )). This is clearly impossible, e.g. it has been shown in the CHS model that the central charge has to be a multiple of 6 [20] .
Thus, in order for the near-horizon-NS5/LST correspondence to work, it is necessary that the tree-level corrections to the temperature of the near-horizon black NS5-branes vanish. Actually, this fact can be provided by noticing that the nearhorizon black NS5-brane solution is described by the SL(2, R)/SO(1, 1) × SU(2) exact CFT [7, 21] . This implies that the metric in the string frame does not have tree-level corrections [22] , which in turn leads to the result that the temperature has no tree-level corrections.
The leading correction to the temperature is therefore generated by the one-loop term of order ε 3 D ε L , discussed above. Thus, using (7), (8) we can write
where T hg is given by (11) and the constant b is a rational number which depends on the exact form of the perturbed solution. Since we assume that all tree-level corrections to the temperature vanish, (17) is valid for all u 0 ≫ √ Nl −1 s . As a consequence of (17), the thermodynamics of the string-corrected NS5-brane solution is qualitatively very different from the uncorrected one. Without corrections the temperature is constant which means that the thermodynamical phase space is degenerate. Including the string corrections on the other hand, the temperature will depend on u 0 as for any other p-brane in string and M-theory. As we shall see, the fact that the temperature only depends on u 0 when the string loop corrections are included means that the corrected temperature (17) determines the leading order behaviour of the thermodynamics. On general grounds, it is expected that the temperature T in (17) is an increasing function of the energy, which means that b > 0 in (17) .
Assuming b > 0 we see that (17) strongly suggest that the temperature T hg is a limiting Hagedorn temperature of LST, in the sense that the temperature T of the system can come arbitrarily close to T hg for higher and higher energy E ∝ u 2 0 , but that it never can pass T hg .
Solving (17) for u 2 0 we obtain from (10) the entropy
Using the fractional string length (14) this can be written
where we have definedV
From (19) we then obtain the free energy and energy
Eqs. (18)- (22) are valid for temperatures satisfying
so that the temperature phase space, which is degenerate at leading order, has now acquired a non-zero width. Finally, (19) and (22) determine the entropy as a function of energy
We are now in position to compare with the statistical thermodynamics of a 5+1 dimensional closed supersymmetric string theory. To this end we note that from (10) and (9) we havel
which clearly implies thatl
The 5 spatial world-volume dimensions are thus effectively compact in the energy range where LST is described by near-horizon NS5-branes. Therefore one should compare the string-corrected thermodynamics (24) with the one obtained for closed strings living in 5 compact dimensions, which corresponds to d = 0 in the appendix. We then find that the entropy (19) of the one-loop corrected NS5-brane solution and the entropy (A.9) derived by statistical mechanics for closed strings agree in that they exhibit identical temperature dependence. This means that the constant of proportionality in (A.9) for LST with 16 supercharges is predicted to be k = π 3 bNV 5 .
It should be noted that for the matching of the string-corrected near-horizon thermodynamics with the statistical thermodynamics, it is of crucial importance that (i) we have shown that d = 0 and (ii) LST is a closed string theory. The reason being that if d = 0 or if there is an open string sector, then the statistical thermodynamics is completely different [23, 24] from that of (A.8). Moreover, it is important for the matching that we can argue that LST is weakly coupled for the energies under consideration, since the statistical thermodynamics in the appendix is that of a weakly coupled string gas at high temperatures. By comparing [4] the tension of induced little d-branes with that of the corresponding open D-branes stretching between two NS5-branes a distance r 0 apart, we find that the induced string coupling ‡7 in LST is g LST = (u 0 l s ) −1 . It then follows from (9) that in our range of energies the strings are weakly coupled.
From (27) we see that k ≫ 1. Therefore, as stated in the appendix, the Canonical and Microcanonical ensembles are equivalent. In previous work on the Hagedorn behaviour of string theory it has been found that the Canonical and Microcanonical ensembles are inequivalent [26, 24] . The reason for this inequivalence of ensembles in ordinary string theory is that for sufficiently high energy densities the Jeans instability of a gravitational system sets in and the energy fluctuations become too large for the Canonical ensemble to be well-defined [26, 24] . In our case, however, we have a string theory without gravity ‡8 and thus the Jeans instability cannot be present. Therefore, the equivalence between ensembles is precisely in accord with the properties of LST.
As discussed in [23, 24] the general phase structure of a closed string theory with single string density of levels E −a exp(β hg E) includes a so-called long string phase, when the energy density reaches a certain critical energy density. For a > 1, the ‡7 We note that the induced string coupling g LST is a natural definition of the coupling since e.g. for the (2, 0) LST it is equal to τ /τ d1 where τ d1 is the tension of the little d1-brane. Thus it measures the mass scale of the perturbative modes relative to the non-perturbative modes, and in the limit g LST → 0 only the fundamental string modes are dynamical. The string coupling g LST = (u 0 l s ) −1 has also been obtained in the so-called Double-Scaling limit [25] .
‡8 See Refs. [27] for recent work on Hagedorn behaviour in theories with gravity.
system is dominated in this phase by one single long string that carries all the extra energy density above the critical energy density. This phase has therefore negative heat capacity. For a = 1, which corresponds to LST for the energies we consider, the long string phase consists instead of a condensate of several long strings which carry all the extra energy density above the critical energy density. In this case the heat capacity is positive since the long string condensate spreads out the extra energy uniformly in the system. This uniform distribution of energy is accomplished by the fact that the long strings can split and join. In our system, we find from (19) the specific heat
which is manifestly positive. It is not difficult to include the effects of higher-loop corrections in the analysis above. Using (8) , the temperature takes the form,
where have explicitly kept the one-loop part and g ≥ 2 corresponds to higher loops. Solving for u 0 in this expansion, and substituting in the loop-corrected entropy one finds the form
in agreement with the higher order terms (A.10), obtained from the statistical thermodynamics.
Conclusions
In this letter we have successfully implemented string corrections in the near-horizon NS5-brane thermodynamics to explain the Hagedorn behaviour of LST via the nearhorizon-NS5/LST duality. The tree-level corrections to the temperature were seen to be part of the Hagedorn temperature, and it was explained that these corrections should vanish in order for the correspondence to work. To support this, it was argued that the string-frame metric should not have tree-level corrections. Subsequently, the leading one-loop string correction was shown to exactly generate the type of corrections to the temperature necessary to reproduce the correct temperature dependence of the entropy of LST near the Hagedorn temperature. The one-loop correction of the temperature was also argued to imply that the Hagedorn temperature of LST is a limiting temperature which cannot be crossed. Moreover, higher-loop corrections were seen to be in agreement with the expected form in this framework. The corrected near-horizon NS5-brane thermodynamics gave a prediction in (27) for the constant k which characterizes the single string density of levels (A.6). At present it is unclear how to reproduce this constant from the LST side, and it would be very interesting to obtain a better understanding of this. In critical superstring theory one has instead k = 1 [26] .
We note that an analysis similar to that of this letter can be done for the heterotic five-brane. In that case one still finds that the entropy is proportional to (T hg − T ) −1 but with a different factor k. The dual theory is a LST with 8 supercharges.
Finally, we report on a preliminary result in the case of NCLST with 16 supercharges. NCLST is LST on a non-commutative space, which has a dual description in terms of delocalized D2-branes or D3-branes for type IIA and type IIB string theory respectively [28] ‡9 . The entropy in this case should be proportional to (T hg − T ) −2/3 [17] , a behaviour that is very different from that of LST. It would be interesting if one could obtain this behaviour from the statistical mechanics of closed strings on a non-commutative space.
A. Hagedorn behaviour in string theory
The statistical mechanics of string theory breaks down at sufficiently high temperatures [31, 23, 32, 26, 33, 24] . At the so-called Hagedorn temperature T hg the partition function is ill-defined since the density of states in string theory grows exponentially.
For a closed string theory in a D-dimensional space-time with central charge c, the number of states d L (n L ) and d R (n R ) in the left and right moving sectors respectively, are given by the asymptotic formulae [34] Here, the central charge is c = 3 2 (D − 2) for supersymmetric string theory and c = D − 2 for bosonic string theory.
The single string density of states for free closed strings in d non-compact space directions is then [23, 26, 33, 24] ω(E) ∝ E − d 2 −1 exp(β hg E) .
(A.
3)
The Canonical partition function for a gas of weakly interacting closed strings is
where Λ is the IR-cutoff. This gives log(1 + Z(β)) = We note that in the Microcanonical ensemble we have S(E) = β hg E + (k − 1) log E instead [26] . This means that the Canonical and Microcanonical ensembles are not equivalent in general [26, 24] , but since in our application in the main text k ≫ 1, the ensembles are effectively equivalent in this case. 
